
PHYS 7221 Homework #3 Due: 20 September 2022

Problem 1. [20 pts] Momentum conservation

Consider a particle with electric charge q moving in the electrostatic field produced by each
of the four charge configurations described below. What components of the particle linear
momentum p = mv, and of the particle angular momentum L = r× p will be conserved in
each case?

(a) An infinite plane of charge, located on the plane z = 0.

(b) A semi-infinite homogeneous plane z = 0 and y > 0.

(c) An infinite homogeneous solid charged cylinder, with its axis along the y-axis.

(d) A finite homogeneous solid charged cylinder, with its axis along the y-axis, and its
center at the origin.

(e) A homogeneous circular torus, with its axis along the z-axis.

Problem 2. [20 pts] A system with one degree of freedom is
described by the Lagrangian

L =
1

2
mẋ2 − k

x2
. (1)

Consider the transformation
x(t) 7→ e−ϵ/2x(eϵt). (2)

(a) Show that the infinitesimal version of this transformation is

δx(t) =

(
tẋ(t)− 1

2
x(t)

)
ϵ

δẋ(t) =

(
tẍ(t) +

1

2
ẋ(t)

)
ϵ

(3)

(b) Show that this transformation is a symmetry of the Lagrangian and obtain the associ-
ated constant of motion Q.

(c) Check your result, i.e., show that dQ/dt = 0 when evaluated with the solutions of the
equations of motion.

Problem 3. [20 pts] Particle in electromagnetic field

Consider the Lagrangian of a non-relativistic particle of mass m and electric charge q in an
electromagnetic field

L =
1

2
mṙ2 − qϕ+

q

c
ṙ ·A, (4)
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where ϕ(t, r) andA(t, r) are the electromagnetic potentials, in terms of which the components
of the electric and magnetic fields can be written as

Ei = −∂iϕ− 1

c
∂tAi, Bi = ϵijk∂jAk, (5)

where ∂i ≡ ∂/∂xi and ϵijk is the totally antisymmetric symbol (Levi-Civita symbol).

(a) Write the Euler-Lagrange equations and show that they reproduce the Lorentz force

mr̈ = qE+
q

c
ṙ×B, (6)

Hint: Use the identity ϵijkϵkmn = δimδjn−δinδjm, where δij is the Kronecker delta. You
will need to use your ability to manipulate indices in this problem.

(b) Solve the equations of motion for the case

ϕ = 0, A = −1

2
r×B, (7)

with B = (0, 0, B) in Cartesian coordinates and B is a constant.

(c) Show that the rotations around the z-axis are a symmetry of the Lagrangian, and
obtain the associated conserved quantity. Use again B = (0, 0, B).
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